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Abstract: Interval-valued neutrosophic hesitant fuzzy uncertain linguistic set (IVNHFULS) has the 
advantages of both neutrosophic numbers and interval-valued hesitant fuzzy uncertain linguistic 
variable. In this paper, we firstly introduce the definition, the operational laws, and the score function 
of IVNHFULS. Then, we combine interval-valued neutrosophic hesitant fuzzy uncertain linguistic set 
with Bonferroni mean operator and propose some new aggregation operators, such as the 
interval-valued neutrosophic hesitant fuzzy uncertain linguistic Bonferroni mean (IVNHFULBM) 
operator, the interval-valued neutrosophic hesitant fuzzy uncertain linguistic weighted Bonferroni mean 
(IVNHFULWBM) operator, the interval-valued neutrosophic hesitant fuzzy uncertain linguistic 
geometric Bonferroni mean (IVNHFULGBM) operator, the interval-valued neutrosophic hesitant fuzzy 
uncertain linguistic weighted geometric Bonferroni mean (IVNHFULWGBM) operator. At the same 
time, the related properties of these operators are discussed. Furthermore, we propose two multiple 
attribute decision making methods based on IVNHFULWBM operator and IVNHFULWGBM operator. 
Finally, we give an illustrative example to demonstrate the practicality and effectiveness of the 


proposed methods. 
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1. Introduction 

Multiple attribute decision making (MADM) has been a hot research topic. In the real decision 
making, because of the complexity and the uncertainty of decision making problems, how to 
realistically express the fuzzy and uncertain information is very important. Zadeh [1] firstly proposed 
the Fuzzy set (FS), which has been successfully applied in various fields. Due to the FS only consider 
the membership degree, Atanassov [2] further developed the intuitionistic fuzzy set (IFS) based on the 
FS. In recent years, Smarandache [3] proposed the neutrosophic set (NS) which consisted of 
membership degree, non-membership degree and indeterminacy -membership degree. In addition, 
some subsets of neutrosophic set have been proposed. For example, Wang et al. [4][5] further proposed 
the interval-valued neutrosophic set (IVNS) and the single-valued neutrosophic set (SVNS). Due to the 
membership degree of FS, the membership degree and non-membership degree of IFS, the membership 
degree and non-membership degree and indeterminacy-membership degree of NS are a single value 
ranged from 0 to 1. As we all known, the single values are asymmetric and not comprehensive so that 
they inappropriately describe the incomplete information. Based on this, Torra and Narukawa [6-7] 
introduced the hesitant fuzzy sets (HFS). In HFS, the membership degree is a set of several possible 


values between 0 and 1. The obvious difference between FS and HFS is that the membership degree is 


a single value or a set of possible values ranged from 0 to 1. When the decision makers evaluate the 
alternatives, HFS is a useful tool to describe the evaluation values with hesitance. Chen et al. [8] 
extended HFS to interval-valued hesitant fuzzy sets (IVHFS), in which the membership degree is a set 
of possible interval values between 0 and 1. Ye [9] presented a neutrosophic hesitant fuzzy set (NHFS), 
which is the combination HFS with SVNS. In real decision making, especially for qualitative 
information, the linguistic variables are suitable to express the evaluation values and it can improve the 
flexibility and reliability of the decision making information. So far, the linguistic variables have been 
widely studied [10-12], which could be expressed as single values [13] or interval values [14]. The 
interval linguistic terms are also known as uncertain linguistic variables. Rodriguez et al. [15-16] 
originally gave the hesitant fuzzy linguistic term sets (HFTLS) which is used to describe the linguistic 
variables. Lin et al. [17] developed the hesitant fuzzy linguistic sets (HFLS) and the hesitant fuzzy 
uncertain linguistic set (HFULS) on the basis of HFS and linguistic variables or uncertain linguistic 
variables. The characteristics of the HFLS and HFULS are that the membership degree can be 
expressed as a set of hesitant fuzzy linguistic variables or hesitant fuzzy uncertain linguistic variables. 
Similar to the HFS, HFLS doesn’t take the non-membership degree, indeterminacy-membership degree 
into account so that HFLS has the weaknesses in avoiding the information distortion and losing 
effectively in handling the indeterminate, incomplete and inconsistent problems. In order to overcome 
the deficiencies, in this paper, we extend NHFS to interval-valued neutrosophic hesitant fuzzy set 
(IVNHES) and cobmine IVNHFS with uncertain linguistic variables. Consequently, we finally give the 
concept of interval-valued neutrosophic hesitant fuzzy uncertain linguistic set (IVNHFULS), which is 
composed of two main parts: an uncertain linguistic term and an interval-valued neutrosophic hesitant 
fuzzy element. The two parts respectively express an evaluation value and the hesitancy for the given 
evaluation value. Certainly, the second part also represents the interval-valued membership degree, 
interval-valued non-membership degree and interval-valued indeterminacy-membership degree 
associated with the specific uncertain linguistic term. 

Up to now the information aggregation operators are studied deeply, and they have been widely 
used in various field. All sorts of operators have been proposed to deal with many different situations. 
For example, Xu [18-19] developed the uncertain linguistic weighted averaging (ULWA) operator, the 
uncertain linguistic ordered weighted averaging (ULOWA) operator, the uncertain linguistic hybrid 
averaging (ULHA) operator, the uncertain linguistic geometric averaging (ULGA) operator, uncertain 
linguistic weighted geometric averaging (ULWGA) operator, uncertain linguistic ordered weighted 
geometric averaging (ULOWGA) operator, and induced uncertain linguistic ordered weighted 
geometric averaging (IULOWGA) operator under uncertain linguistic environment. Wei [20] proposed 
an uncertain linguistic hybrid geometric averaging (ULHGA) operator. In order to more accurately and 
flexibly deal with the hesitant fuzzy information, Lin et al. [17] developed some hesitant fuzzy 
uncertain linguistic arithmetic aggregation operators, such as hesitant fuzzy uncertain linguistic 
weighted averaging (HFULWA) operator, hesitant fuzzy uncertain linguistic ordered weighted 
averaging (HFULOWA) operator, hesitant fuzzy uncertain linguistic hybrid averaging (HFULHA) 
operator. Ju and Liu [21] gave the interval-valued hesitant uncertain linguistic weighted averaging 
(IVHULWA) operator, the interval-valued hesitant uncertain linguistic weighted geometric averaging 
(IVHULWGA) operator. Liu et al. [22] proposed some interval-valued hesitant uncertain linguistic 
generalized aggregation operators, including the generalized interval-valued hesitant uncertain 
linguistic weighted averaging (GIVHULWA) operator, the generalized interval-valued hesitant 
uncertain linguistic ordered weighted averaging (GIVHULOWA) operator and the generalized 


interval-valued hesitant uncertain linguistic hybrid averaging (GIVHULHA) operator. In order to better 
handle the interrelationship between input arguments, Bonferroni [23] originally introduced the 
Bonferroni Mean (BM) operator. The extensions of the BM operator have been constantly proposed 
since it was initially introduced. Yager [24][25] and Beliakov et al. [26] proposed some generalized 
BM operators. Zhu et al.[27] combined BM operator with geometric operator and finally proposed the 
geometric Bonferroni mean (GBM) operator. In this paper, we will extend the BM operator to the 
interval-valued neutrosophic hesitant fuzzy uncertain linguistic environment for the sake of possessing 
the advantages of both BM operator and IVNHFULS, and flexibly handling the indeterminate, 
incomplete, inconsistent information and effectively considering the interrelationship of the 
interval-valued neutrosophic hesitant fuzzy uncertain linguistic information. 

The remainder of this paper is shown as follows. In section 2, we mainly introduce the basic 
concepts of the interval-valued neutrosophic hesitant fuzzy uncertain linguistic set (IVNHFULS), and 
the operational rules and the characteristics of IVNHFULS. In section 3, we propose some 
interval-valued neutrosophic hesitant fuzzy uncertain linguistic BM aggregation operators, such as the 
interval-valued neutrosophic hesitant fuzzy uncertain linguistic Bonferroni mean (IVNHFULBM) 
operator, the interval-valued neutrosophic hesitant fuzzy uncertain linguistic weighted Bonferroni mean 
(IVNHFULWBM) operator, the interval-valued neutrosophic hesitant fuzzy uncertain linguistic 
geometric Bonferroni mean (IVNHFULGBM) operator, the interval-valued neutrosophic hesitant fuzzy 
uncertain linguistic weighted geometric Bonferroni mean (IVNHFULWGBM) operator. In section 4, 
two multiple attribute decision making methods based on IVNHFULWBM operator and 
IVNHFULWGBM operator are proposed. In section 5, we give a numerical example to prove the 


effectiveness of the proposed methods. 


2. Preliminaries 


2.1 The uncertain linguistic variables 
Suppose that S =(s,,5,,--:,S,,) consists of the finite and complete ordered elements, where! is 


an odd value. In _ general, | is equal to 3,5,7,9, etc. when J=9 , 
S = (Sp, S,, S55 535545555 Sg,S75Sg) =(extremely poor, very poor, poor, slightly poor, fair, slightly good, 


good, very good, extremely good). Here, s,(@ =1,2,...,1—1) can be defined as a linguistic variable. 

Let S,ands jare any two elements in linguistic set S , they must meet the following conditions 
[28][29]: 

(1) If i>j,then s, > S, (ie.,S; is better than S; ); 

(2) Negative operator: neg(s;) = $443 


(3) If s,; 2s,,then max(s,,5,)=5;; 


(4) If s;<s,,then min(s,,s,)=5,. 


For any linguistic set S =(s,,s,,---,s,,), the element s, is a strictly monotonically increasing 


function of its subscript a@ [30]. In order to minimize the loss of linguistic information, the discrete 


linguistic set S =(s,,5,,---,S,,) is extended to a continuous linguistic set S ={s, |@€[0,q]},q is 


sufficiently large number. The operational laws are defined as follows:[28][29] 


(1) Bs, = Sexi Be 0 (1) 


(2)s,®s, =5,,, (2) 
(3)s,/s, =, (3) 
(4)(s,)"=s, n20 (4) 


Definition 1 [31]. Let 5 = [s,,5,1,5q,8, €S and b>a=0,5s,,8, are the lower limit and upper limit 
of S , respectively, then, Ss is called an uncertain linguistic variable. 

Let $, =[S41,Sp1], S$) =[Sq9»S,9] be any two uncertain linguistic variables, the operation rules are 
defined as follows[32][33]: 


DS; Os,=1855)1Plsi5Sjo = (Spex Saae | (5) 
(2) §, @S, = [891585] @ 18905845] =[Sarxads Sina] (6) 
(3) 5,1 5.= [8255.17 [s3)531=SiposSurayl if @220,b2 20 (7) 
(OAS, = Als. 3,1 Sosa ARO (8) 


2.2 The neutrosophic set 
Definition 2 [34]. Let X be a universe of discourse, with a generic element in X denoted by x. A 


neutrosophic number A in X is 
A(x) =< x | (L4(¥), 1409), Fa(X) > (9) 
where, T(x) is the truth-membership function, I,(x) is the indeterminacy-membership function, 


and F,(x) is the falsity-membership function. T,(x),1,(x) and F,(x) are real standard or 
nonstandard subsets of jor : 


There is no restriction on the sum of T,(x),1I,(x)and F,(x),so 0 <T,(x)+1,(X)+F,(x) <3". 


Definition 3 [35]. Let X be a universe of discourse, with a generic element in X denoted by x. A single 


valued neutrosophic number A in X is 
A(x) =< x| (L400), 1400, Fa) > (10) 


where T, (x) is the truth-membership function, I,(x)is the indeterminacy-membership function, 
and F,(x) is the  falsity-membership function. For each point x in X, we 
have T, (x), 1, (x), F,(x) € [0,1], and0 <T,(x)+1,(X)+ F,(x) $3. 


Definition 4 [35]. Let X be a universe of discourse, with a generic element in X denoted by x. A 


interval neutrosophic set A in X is 


A(x) =< x | (T(x), 14 (x), F(X) > (11) 


where, T\,(x) is the truth-membership function, I,(x) is the indeterminacy-membership function, 
and F(x) is the falsity-membership function. For each point x in X, we have 


T(x), I, (x), F(x) € [0,1] , and 0 < sup(T, (x)) + sup(7, (x)) + sup(F,(x)) <3. 
For convenience, we can use x =((T",T”],[1",1°],[F",F"]) to represent an element in INS, and 


can call an interval neutrosophic number (INN). 


2.3 Interval-valued hesitant fuzzy set 
Definition 5 [36][37]. A hesitant fuzzy set (HFS) E on X is defined in terms of a function that 
when applied to X , which returns a finite subset of [0, 1], to be easily understood, the HFS can be 
expressed by mathematical symbol as follows: 
E ={<x,h(x)>|xe X} (12) 
where h(x) is a set of some different values in [0, 1], representing the possible membership 
degrees of the element x < X to E .From now on, it will be convenient to call h(x) a hesitant fuzzy 


element (HFE) and E the set of all hesitant fuzzy elements (HFEs). 


For any three HFEs h, h, and h, , Torra [22] defined some basic operations shown as follow: 


(1) he = Uf-7} (13) 
yeh 

(2) RUR= U_ maxtns7}, (14) 

(3) h,Ah= U_ minty, 72}. (15) 


Neh 72 Ehy 


After that, Xia and Xu [23] defined four operations about the HFEs h,h,,h, with a positive 


scale n: 
(1) Hes Ul} (16) 
@) m=Uf1-0-7"p, we 
SB) A®h= Ui Khtr-n72}, oe 
Neh 72 Ehy 
(4) h@m= Ui inyrh ve 


Eh 72 Ehy 


Definition 6 [38]. An interval-valued hesitant fuzzy set ((VHFS) Eon X is defined in terms of a 
function that when applied to X , which returns a set of finite closed sub-intervals in[0,1], the IVHFS 


can be expressed by mathematical symbol as follows: 


E ={<x,h(x)>|xe X} (20) 
where h(x) is a set of some different interval values in [0,1], representing the possible 


membership degrees of the element xe X to E. From now on, it will be convenient to call h (x) 


an interval-valued hesitant fuzzy element (IVHFE) and E the set of all hesitant fuzzy elements 


(IVHFEs). 
2.4 interval-valued neutrosophic hesitant fuzzy uncertain linguistic set 
Definition 7 [39]. Let X is a fixed set and S is an uncertain linguistic set, then the hesitant fuzzy 


uncertain linguistic set (HFULS) on X can be defined as follows: 


A=K{< X,[S (5 Sexy 1, A(X) >| X € XF (21) 
where [S¢(x)5 S:(x) 1 € S and h(x) is a set of some values in [0,1], denoting the possible 
membership degree of the element xe X to the uncertain linguistic variable [s4,),5,(,)].From now 


on, it will be convenient to call a =< [Soca)> Sra], h(a) > a hesitant fuzzy uncertain linguistic element 


(HFULE) and A the set of all HFULEs. 
Definition 8. Let X be a fixed set and S$ be an uncertain linguistic set, then an interval-valued 


neutrosophic hesitant fuzzy uncertain linguistic set IVNHFULS) on X_ can be expressed by: 


A={< x5 q(x)» Seca b (F(X), (), F(X) >1x € X} (22) 


where [Sgx)+Sz(x)] € S, 7 (x)= Ply é tx}, i(~) = 68 eT} and f(x) = ala E Foo} are three 


sets of some values in [0,1], which represents the possible truth-membership degrees, 


indeterminacy-membership degrees, and falsity-membership degrees of the element xX € X to the 


uncertain linguistic variable [sg,,),5,(,)], and satisfies these limits : 
y <[0.1) 5 €[Ol, 7 <[0,1Jand0<supy*+supd*+supy* <3, 


where 7* =U,.;,) max{7},5* =U max{3 |. and 7* =U. 09 max{7}for xeX. 


Sei (x) qe 
Hence, a =< [Soca)»Szcay 1 (a), i (a), f(a} >can be described as an interval-valued neutrosophic 
hesitant fuzzy uncertain linguistic element (IVNHFULE). So, A is the set of all [VNHFULEs. 
Let @ =<[soay5,cay b(t (@),7 (2), F@)) > and b =<[syfy8,g)]b(),7), f(b) > be any 


two IVNHFULEs, the operation rules are defined as follows: 


~aL ~L vl vylelb ~U YU YUYyU 
a®b =<[Sp ay ,06y> Seayer(by U : ([rx fe Sle iar kre” ie he 1, 
R(@et (a),i(b)et(b) 
5 (Get (@),5(b)et(b) 
/ OEP OAL os nice ait ee mt a 
(1) log Oe 304 Oe Linea? stg el) > (G3) 
~oOL LYL yU~U SL, SL SLSL SU, SU SUSU 
GOb=<[Sparoby Seach Ya FE PHP Mgt +p — Oy" Oe" Og! +65" —53" Op] 
F(@)et (a),7(b)et(b) 
(2) 5 @)ei(@),d(b)et (b) 
n(ajef (a),n(b)e f(b) 
~L ~L ~ley Lb yu, yu SUSU 
Lag Ee Sng Te Ne Ae =a ns I> (24) 


Aa =< aoa)» Saxe(ay U (1-1 75")*,1- 0-75"), 


(3) F (Get (4),6 (@)ei (4),7 (Ge f (4) 
[(53")*,(63" 7 Ls" )* Gg”) D > (25) 
a Se Sy ease U (10% ")*, 0" LLL 53") ,1- 63" 41, 
(4) Malco taal ner) 


[1-(-4;")*,1-a-He")* D> (26) 


Let @ =< [Says S,(a](€ (@), i (@), f(a))>, b=< [Spc Socé) (E(B), 1 (0), (b))> are any two 


IVNHFULEs, and 4, 4,,A, 2 0, then we have: 


(1) d@b=bea (27) 

(2) G@b=b@a (28) 

(3) A(@ @b) = Aad @ Ab (29) 

(4) Aa @A,a =(A,+A,)a (30) 

(5) d*@b*=(4@by’ (31) 

(6) qa @Qq” =qutrr (32) 
Proof. 


(1) The formula (27) is obviously right according to the operational rule (1) expressed by (23) 
(2) The formula (28) is obviously right according to the operational rule (2) expressed by (24) 
(3) For the left of the formula (29), we have 


~aAL yL vl yvylylL yU YU Y~UYyU 
A(a Ob) =AK<I8 ya.) Secayee(by U ; ([rx eis = foie Sle eles Tee 1, 
R(@)et (4),7(b)et(b) 
5 (Ge (4), (bet (b) 
nae f (@),7(b)e f(b) 


[55 5x", 53” Oe” Lita”, ne Te 1) >) 


y Lyd ~LyA ~UyA ~UyA 
=s [Ss coaysoby Saceaarby > U . (i-d-iJ"a> i Vala) = ny “1, 
R(@et(@),F(b)et (b) 
65 (G)ei(@),5 (bei (b) 
n(a)e f (@),i7 (b Je f (b) 


[03° 85")*(53" Oe" Gs Ig” ae Me” 1) > 


and for the right of the formula (29), we have 


=<[S3,6()9 Saxe ay], U ([1-(1-r3")*,1--73" 7] 
F@)et (@),(@ei @),H(Def@) _ 2 
[(63°)* (337 "LL" )* a”) > 
B<[S 5 aby Saxe(by U (f1-@ a ke ql te 
F (b)et (b),d (b)ei (b),7(b)e f(b) 2 
[65° (529 4 LLG") Ig") > 


ee Oe BINA AEP SS 
=<[Sjaaysaby Saceayer(by) U 7 [d-G-rg yd) l- d-ra 1, 
R@et(@),F(b)et (b) 
Set (A),5 Get) 
n(@)e f (4),7 (bef (b) 


~ 


(6g 52"), (G92 Fe” Ga ng + Ga Ie” YD > 


So, we can get 4(@® b) = 24 @ Ab , which completes the proof of formula (29). 
(4) For formula (30), we have 


Aya @ Aza =<[S joa)» Sa,xe(a) 1 U ((1—(1—79")* 1-1-7"), 
F(@)et (a), 
5 (a@)ei (4), 
TOPO wy dines 
(55 "sy Y"WGa Ys.) > 
®@ <[Sy x(a)» Sa,xrta)), U (1-(-75°),1- 0-7"), 
F(a)et (a), 
6 (G@)ei (4), 
n(ajef (ay 7 
(65°) (63°)? LG gs") Gig)” D> 


=< [8(4,4.2,)x0(8)? S(4,44,)xr(a) ], U (1 175") 1")? 1-0-7) 1-7), 
R(@)et (a), 
6 (@)ei (4), 
ae A ry ~ LyAy pe Uyh cm UyA 
[6051 Y"* ah Y”*, (Og Y* Gal) MUGRGEY* ia) Ga)” Gig?" D > 
ES Atay a Aytdy 
=< [8 (4,44, x0(8)? §(4, +4, xr (G) > U (1-0-7) 1-0-7], 
F(a@)et (a), 
6 (@)ei (4), 
n(@eF@) “ 
, (53° (639 Gg YG D> 
=(4,+4,)a 
So, we can get the formula (30) is right. 
(5) For the left of the formula (31), we have 
G7 Ob* =<[syqyrSeayh LJ Wa')*. 65") L-G- 53") 1-53"), 
R(a)et (a), 
5(a)ei (a), 
i@ef @) ee ee 
Tata ge oleae yy 


@<lsyeyeS,gyb LO C5). 6") L0-a-6;") 1-0-6"), 


F(b)et(b), 

d(b)ei(b), 

7(b)e f(b) hes re 

lees Oar / rte Td ed e/a al) Bo 

=<[Syeayiacéy? Secaytertby? Ls Ge Ge Gye 

F(@)et (G),F(b)et (b), 

5 (@)ei (@),d(b)ei(b), 

piel GPE FO) ,., , 

i-a-4;")*a- 6p) 1- (1-55 "4 1-5: 7) 1,01-(1-773")* A- ip’ A-(1- na -ng bie 

= ae = ~ Le Lyra a Use U. 
=< [Sa a<aby)* Sexy) U (ee ets I] 

F(@)et (@), (bet (b), 

6 (a)ei (4),d (bei (b), 


{W@ef@get 6),, Seek, ee tet: lee 
[1- (= 5") -55"))*1- (1-557 0-55") = (99 = ig” A= 9g” 97" D> 


and for the right of the formula (31), we have 


~ Opa _ s ~ Ly L ~USU 
(4 Ob)" = (KS ga y,98y° Seaiyxrby U é (ra Ty ora TE 
F(@)et(a),F(b)et (b) 
5 (a)<i(a),d(b)<i(b) 
ite gs SRT ae we OLA EI) | ~Ly~L yu, su ~ UYU A 
[5y" +55" - 59" Ox" Og” +659 — 59° Oe” Wg” +g” — Tg Neg” +g” — Tg Me”) >) 


_ 7 2 ~ Le L a ~ Uy U a 
=< LS acayeacb yy?’ Scecaxebyy* > U. Ge ste Be 
F(@)et (@),F (bet (b), 
5 @)ei(@),5 (b)el (b), 


xy SL OS BA TIO SOs Ayan ey yay yy uy 
(1-83 )0-5:"))*1- (1-634) 6-4) (9g) ie 41-9 0-7") D> 


So, we can get the formula (31) is right. 


(6) For formula (32), we have 
a OG" =<[SyayasSaayab LJ (OG). 087 4 LU-G-437)4 1-0-4637), 
F(@et(a), 
d(a@)ei (a), 
n@)ef (4) . 7 
[1--93")*1-C-73")*) > 


Belspeeseah |) Wer Y?Ge Lia d-02)7 1-0-6," 71 
F(@)et (@), 
o(@)ei (a), 
n(@)ef (a) 


[1--43")” 1-0-7437)” 1) > 


SES aa yens Sian eel Mi) Ga Ge ee VO ek 
F(a@)et (a), 
6 (G)ei (a), 
ae LA WG)ef@ USs ~L ~ Lyd ~U ~ USA 
[1-(1-d3")" -6z")” 1-1-6" 4 1-637)? 0-0 95")4 1-99")? A 9” 4 9”)? I) > 


=<[SyiyunsS gyal. Li) (Ge) ese B08," ) adds, 
R(@)et (4), 
6 (@)ei (a), 
n(@ef (a) 
GU) ee 
=quth 


So, we can get the formula (32) is right. 
Definition 9 [9,15]. Let a =<[syqy, s.ay](€ (@),i (@), f (a)) >be an interval-valued neutrosophic 


hesitant fuzzy uncertain linguistic element (IVNHFULE) , then the score function S(a) of a canbe 
defined as follows: 


1 __ ra’ +ra" 1a. | a-8,")+0-8,") 1 0-H +O F) 

vA Lee tr@et@ +e ls Wei (ay )+ F 7 Ln@eha@— 7. I 

ay 

3 
XS o(@)41(a) 
2 
=S wel RU pas zu oT ~U (33) 
ns = 1 1 1-63 1-63 1 ss 1-73 1-73 
A a m2 


6 
where #0 #1 ,#f are the number of the interval numbers in t(@),i(@), f(a). 
Let @ =<[sy@y.S,a h(E (Gi @), F(@)) > and b =<[Sy¢5458,5 (E(B), (6), F(b)) > are any 


two IVNHFULEs, the comparison method of IVNHFULEs is expressed as follows: 


(1) If S(@)>S(b),then @>b 


(2) If S(@)<S(b),then a<b 


(3) If S(@)=S(b),then G@=b 


2.4 The Bonferroni mean (BM) operator 
Definition 10 [40]. Let a;(i=1,2,...,n) be a set of non-negative numbers, and p,q = 0, the Bonferroni 


mean operator is defined as follows: 


a 
p+q 
BM 4 (a,,d5,...54,) = : > a,Pa,;? 
yo GE Doey Gn n(n —1) jet i J (34) 
j#i 


In real decision making, the weight of input arguments plays an important part in decision process. 
But the BM operator doesn’t consider the importance of input argument itself. Hence, Zhou [41] 
developed a weighted Bonferroni mean (WBM) operator. 
Definition 11 [41]. Let a, (i =1,2,...,n) be a set of non-negative numbers, and p,q = O . The 


weighted Bonferroni mean operator is defined as follows: 


/o+q 
n 


w,W; 
WBM ”"(a,,d5,....4,)=| >, ——a,?a,4 
i a aa (re ta (35) 
i#j 


where W = (Wy Wo -09Wy)” is the weight vector of a;(i=1,2,...,n), satisfying 0<w, <1and 


yw =1. 
i=l 


The WBM operator has four desirable properties as follows: 
Theorem 1 [41] (Reducibility). 


Let We 25" be the weight vector of a;(i=1,,...,n) ,then 
nn on 


1 


p+q 
n 
WBM P'"(d,,d5,..54,) = a;Pa;" = BMP (ay, dos050,) 
n(n—1) i, j=1 : 

i#j 
Theorem 2 [41] (Idempotency). 
Let a; =a(j=1,2,...,n), then WBM ?"(a,,q5,...,4,) =a. 
Theorem 3 [41] (Permutation). 
Let (a,,d>5,.., a, ) beanypermutationof (a,',a,',..., a,') , then 


WBM ?°4(a,',5'y.0) Un’) = WBM ?°9 (ay, dy. Gy) « 
Theorem 4 [41] (Monotonicity). 
If a; >b,(j=12.....n), then WBM?"(q,, dy,...,0,) 2 WBM?"(b,, bp,...:b,) - 


Theorem 5 [41] (Boundedness). 
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The WBM ”’" operator lies between the max and min operators, i.e., 
min(d,,d9,...,4,) <WBM ?"(a,,d5,...,4,) <Max(d,,d5,...,d,)- 


When the WBM operator select different values to the parameters p and q, some special cases 


of WBM can be obtained as follows: 


(1) If q=0,then WBM ”:°(a,,a5,...,d,) = ywiae? Ps 
192 n 4 ivi 


n 
(2)If p=1 and q=0,then WBM'°(a,,d5,...,d,) = ya; : 
i=l 


1 1 ae 1 w.w. i 
? 1 
(3) If Pine and q= > then WBM 2 2 (a, 45,5, ) = ) ame (a,a;)? . 
slaw 
is 


n 


(4)If p=1 and q=1,then WBM*"'(a,,d),...,4,) = > 


2.5 The geometric Bonferroni mean (GBM) operator 
Definition 12 [42]. Let a,(i=12,....n) be a set of non-negative numbers, and p,q=20, the geometric 


Bonferroni mean operator is defined as follows: 


1 
n 
Psd = n(n-1) 
GBM (Gy, 4y,...50,) = =: i +qa;) (36) 
tei 


ah 

ptq 
Similar to the BM operator, the GBN operator also doesn’t consider the weights of the input 

arguments. The weighted geometric Bonferroni mean (WGBM) operator was proposed by Sun and Liu 

[43]. 

Definition 13 [43]. Let a,(i=12,...n)be a set of non-negative numbers, and p,q 2 O . The 

weighted geometric Bonferroni mean operator is defined as follows: 


wiwj 


1 = L_-w. 
WGBM ”*" (dy, d5,.-54,) = (pa;+qa;) “i 
pt+q I] : (37) 
j#i 


where W =(w,,W5,...W,) is the weight vector of a,(i=1,2,...,n) ,satisfying 0<w,<1and 


vw, =1. 
i=l 


It is easy to demonstrate the WGBM operator has some properties as follows: 
Theorem 6 [43] (Reducibility). 


11 1 
Let W= en be the weight vector of a,(i =1,2,...,n) ,then 
nn on 


WGBM ?"" (ay, d9,.+5,) = GBM ?" (a), 45,.+4p) - 


Theorem 7 [43] (Idempotency). 


11 


Let a; =a(j=1,2,...,n), then WGBM ?4(d,,d5,.-,4,) =a. 


Theorem 8 [43] (Permutation). 
Let (a,,q,5,.., a, ) beany permutation of (a,',a,',..., a,') , then 


WGBM ?°9(ay',d5' 5-05 Un’) = WGBM ”9(a,,d5,..., dy) 
Theorem 9 [43] (Monotonicity). 
Ifa; >b,(j=12,....n), then WGBM?"(a,, dy,...,d,) 2 WGBM?"(b,, by,...b)) « 


Theorem 10 [43] (Boundedness). 


The WGBM ”** operator lies between the max and min operators, i.e. , 
min(d,,45,...;,) < WGBM ?"(a,,d5,...;d,) < Max(d,,d5,...5;,) 
When the WGBM operator select different parameters p and q, some special cases of WGBM 


operator can be obtained as follows: 


(1) If qg=0, then WGBM?"(a,,a5,...,d,) =*] ]cvay” 
p+} 


(2) If q=0,p=1 then WGBM"*(a,,ay,...,a,) =] [a;" 


i=l 


wiWj 
1 1 i ee 
(3) If p=— and q=—,then WGBM ? ?(aj,q5,....4,)= | | (<a; +—a;) 
2 2 Bae oe 
jzi 


(4) If p=1 and g=1,then WGBM" (4),3.44,)=>] [(@, +4)) : 


3. Interval-valued neutrosophic hesitant fuzzy uncertain linguistic 


Bonferroni mean aggregation operators 


Interval-valued neutrosophic hesitant fuzzy uncertain linguistic set ((VNHFULS) is an 
important tool to describe the decision maker’s preference and to handle the hesitant, uncertain, 
incomplete information. Bonferroni mean (BM) can replace the simple averaging of other mean type 
operators because of the excellent modeling capability. 

In this section, we combine IVNHFULS with BM operator and propose some interval-valued 
neutrosophic hesitant fuzzy uncertain linguistic Bonferroni mean aggregation operators. 

3.1 The interval-valued neutrosophic hesitant fuzzy uncertain linguistic 
Bonferroni mean operator 


Definition 14. Let 4; =<[s9a55-¢a,)],(€ G;),1 (G;), f (@;)) > (i=1,2,...,.n) be the set of all 


IVNHFULEs, and p,q = 0 , then the interval-valued neutrosophic hesitant fuzzy uncertain 
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linguistic Bonferroni mean operator can be defined as follows: 


vs 
" p+q 
© a @a,4 
n(n—-1) i,j=1 
j#i 


IVNHFULBM ?'1(4,,d5,...,4,,) = (38) 


Theorem 11. Let a; =< [socay» Seca.) b(t (G;), i (G;), f(G,)) > (i =1,2,...,n) be the set of IVNHFULEs, 


and p,q = O , then, the result aggregated from Definition 14 is still an IVNHFULE, and even 


a Bo 1 Tee gs ~ q \Pt4 
IVNHFULBM P" (a, ,d5,...5y) = ® ® a?@a;" 
n(n —1) i=1 j=1, j#i 


=(|s 148 a 
(i es ata. o¢a,y | (z z ey ony) 


ia j-t,jein(n-1 i= j-i,jzin(n-1) 


> 


UF (@,) € € (G,),F (4) € t (@y),... F(@,) € € (4) 


1 
n n ats ‘p+q n n 1 ‘p+q 
1-|] [[q-@,? 9"? | 1-[] [[@-@ aoe? | 5 
i=1 j=l,j#i : i=l j=l j4i ; 
(39) 
U5(G,) € 1 (4), 8(@) € if (Gy)... 5G.) € 1 (Gy) 
1s Very 1 \ptq 
n n n(n-1) n n n(n-1) 
ie {TT [1f-a-shr0-0, 5" i= {TT [I f-a-s 70-85] F 
it jaja : i=l j=l, j#i 
UNG) € FG), (Gy) € Fy) Gy) © FG) 
1 
_1_\p+q 1__)pra 
n n @ - n(n-1) n n é P n(n-1) 
1-|1-|T] []t-a-175,0" a-n5,5°) aa] TT] [][t-a-15.°0? @-n5,"9") 
i=l j=1,jzi i=l j=1,jzi 


Proof . 


By the operational rules of the interval-valued neutrosopic hesitant fuzzy uncertain linguistic 


variables, we have 


G,? =<[sgayrsSraye ls UL {ra )P (rg) > 
r(q; )et (a; ) 


74 = Lyq Uyq 
aj" =<[seqaya.Seayt)  U {9 )".09, > 
J A(a;) r(a;) SCRELCR a; a; 


gj? @ aj" =<[Soq_y vaca.) *»Se(a) ? -r(8,) * 


U8 65°)? 65°)? 
FG Jet) F(GetGjy = : x cd 
~ , Uo. @-Gd-63")P 1-53 7)? 1-(1-63")? 1-53.7)?) 
5 (4; )ei (4;),6 (a; ei (G;) : ‘ : : 
U (1-95, ")? 1-795," A- 1-795," 9g,” YP) > 


iG )ef (4), (Ge f (G;) 


then 
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and 


a;" @a, Ss ,S behiew bscls 
n(n-1) (8)? 8)” 2G)? 2G)" 


ne 1) n(n-1) 
A. 1 


Oe ea the ee) RS Ge em sb 


1 1 
we we, 2, | 0-0-6577 0-55 NO, - 0-65." 1-63 FO | 
5 (G, ei (G;),6 (4, ei (@;) : t i q 

edie ee 
Soe. fs MC ane y Came J"? dad ans ? ag 2" 
7 (a; )ef (a;),7(a; ef (a;) 


non 1 a Os 
© 04? @4;1=0@ a? @a,! 
n(n -1) i=1 j=i i=l j=in(n- py“ 
= 2S n on , 
> ee rca )? (a; )" y Y eyo? a" 
i=l j= = jxi i=l j=l, j#i 


Ur (a,) € € (d,),r (dy) € f (ap)... FG, )et(a,) 


-T] Hc- (ee ie (rg, +94 i)  4- Il He- (1, ayy (r%, ") ayn D | 


i=l j=l, j4i i=l j=l jzi 


U5(G,) € i (G,), 5(@y) € i (Gy)... 5(G,) € 1 (Gy) 


Il [[h-a-8,°a-65,9o, J] [[h-a-a52)? 0-5; %)9 ro p 


i=l j=l, j#i i=l j=l, j#i 


Un) € FG,),7(Gs) € f (Gy),-..9(G,) € F(Gq) 


n n 1 n n 1 
LI [[G-@-28,2)?a-n5,2° DT] [[h-a-15.2)? a= 15,0) POD 
i=1 j=l, jzi i=l j=1jzi 
nlse 
1 noon ah i + 
© 04 aa," |"" = s Ags ay ls 
n(n -1) i=1 j=i n p+q 


& 5 A(&;)? (4; ue (5, 3 
j= ee -l) 


i-jatjei n(n—l) 


6? 2) 
Ur (@,) € t (G,),F (@y) € t (@a),..., F(G,) € € (Gy) 
1 


n n 2 p+q. n n eA + 
1 [e-em oren, 0%] ‘Hf [e-mrron) i 


i=1 j=l, j#i i=l j=l, j#i 


Us(a,) € i (G,),5(G) € i (Gy)... 5(G,) € i (Gy) 


me 


uth 
i=l j=1,j#i 


i=1 j=l, jzi 


3 
3 
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Und) € f(G),7(G2) € f (G),..59G,) € FG) 
2 il 


n n 1 p+q n n 1 ‘p+q 
1_ 1-T] [ [b-aans. a= ang,1)4}e@= t= 1-|] [ [b-a-ns "0? a=n5,"9" Jn(n—1) 
i=l j=l, j+i i=1 j=l, j4i 


which completes the proof of theorem 11. 
Moreover, the ['VNHFULBM operator also has the following properties: 


Theorem 12 (Idempotency). 


Leia =< (Se Seayhllta oh, WO, Oe bing ote Iesea Cisi2ian)e then 


IVNHFULBM ? 9 (4, @,...,4,) = @ 
Proof . 
Since @, =< [89/03 S-¢ay) El ra s¥q. 1} >= G(j =1,2,..., m), then according to the theorem 11, 


we can get 
1 


PADS 7 1 el eS ~ q |\Pt4 
IVNHFULBM P'" (4, ,d,...5d,) = ® ® a @a;" 
n(n —1) i=1 j=1, jei 


= S 158 1 ’ 
( Sa nae aca & 5 6)? 2) | 
i=l j= j=} 


ialjai,jzin(n-1) i 


p+q 


zi n(n—1) 


i=l 


Ur (a,) €  (@,),F (Gp) € t (Gy ),. (Gy) € t (Gy) 
1 


n n 


1 
n n 1 ar , _ 
1-|] ] [a-ca')?.a3)2"" ee | (1—(rg” P(r” 4) 2D 


i=l j=l, j#i jxi 


i=1 j=l, j#i 
Us(G,) € i (G,),5(G)) 7 (4y)...,5(G,) € 1 (,) 


1 
n n ut p+q n n 1 ‘ptq 
fT] [I t-a-sra-a:59}) 1 (-0-5tyra-0 er | 
i=l j=l, j4i i=l j=l, jzi 


UI(G,) € f(G),9 (Gs) € f Gx),.9(G,) € FG) 
1 1 


n 


fT] [b-o-nirro-netrpe [a LP [h-e-ntvramnts}s | 
i= j=l, j#i i=l j=l, j#i 


2<speh srs ls ft he, 3 Oe 1 a I ease 


So, we complete the proof of the theorem 12. 


Theorem 13 (Commutativity). 
Let (d,',)',...,d,') be any permutation of (d;,d),...,4,,), then we can get 


IVNHFULBM ?*4(a,',d5',...,d,') = IVNHFULBM ?°4(d,,d>,..5dy)- 


Proof. 
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1 


Fe ae 1 Hs nt a p+q 
IVNHFULBM P44, ,@ yn ) = ® ® 4’? @a ye 
n(n —1) i=1 j=1, jzi 


= S 1 5 een bo 
(lb > O(a)”. — : = ee 


p+q 
ia tae 1) 1 j=1,jzi n(n—-1) 


1 1 
n n ft p+q n n 1 ‘p+q 
1-]] [] 4-6", 99°? |] Jt-TT TT 6-7, 29? | 


i=1 j=l, j#i isl j=l, j#i 


US(G, ) € i (4, ),5(@, ) 1 (Gy)... 5(G, ) € 7 (4, ) 
1 
n n o_o pt+q n n 
1-\1-[[ [] (1-a-4,4)"a-5,.4)° J" 1-j1-]] [] (1-a-4,,2)"a-4,.7)" 


i=l j=l, j4i isl j=l, jai 


Un) € FG, ),9 (G2) € Fy), (Gy) € FG, ) 


fet tee nrog np 


pt+q n n 1 ‘p+q 
a-]1-T] [J (t-@-9,.")"@-9,.297) 
i=l j=Lj¥i 


i=l j=l, j4i 


Since {Gix@yaui5d,} is any permutation of {4,,d,,...,d,}, then we have 
Hai. A Me aed ae n ae 

Ya; )° = LA)", 2% Oa; )*= DY Aa,)", 

i=l i=l jah jzi j=l jai 


Bey? = Dir)’, EG = y eG,)%. 


i=l j=Lj#i j=L,j#i 


SO, we Can get 


1 p+q 
& 3 0G, )? (a ay" (4 YaG;)? & OG, "| 
i=l j=1,j#i an 1) n(n—- 1) ia j=. jai / 
O(a,)? 0 
(2 5 La D 2 a)" 
site aa 
rea Pe ul = Era)? ¥ 7a) 
i=l j=1,jzin(n—l ; A n(n = i=l j=l, jai ‘ 


pow oe ya 
(2 n-1) 2 r(4) 22) 


and 
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n n 1 n n n(n-1) 
ILI] ¢-@,'.G,o9""? a I] 696,99] 


i=l j=l, j#i i=l j=l, j#i 


TT nn) on on 
at [ee 9r00,9| =I] [][¢-@V?@, 9"? 


i=1 j=l,j#i i=l j=l, j#i 
Similarly, 
non 2S! or ai ee 
Dee eo = eae Ye ye 
i=l j=l, j#i i=l j=l, j#i 


n 


I] Il (:-0-s,°a-5,.5*)=T] [](-a-6;49°a-45 4) 


i=l j=1,j4i i=l j=l, j4i 
ILI (-0-82"0-, “)=TT TT ~ 1-5," d-65,")*) 
i=l j=1,j¥i i=l j=1,j#i 


n 


; (1-c-n,.4°@-n,."")=T] [[b-a-n6!0°a=n5,59") 


i=l j=l, j4i i=l j=l, jei 


3 


n n n 

U U U U 
(1-a-n,.")@=9.29")=T] [[b-a- na? )-16,")") 
i=l j=l, j#i i=l j=l, j#i 
So, according to the theorem 13, we can get 


IVNHFULBM ? "4 (G,, 9 ,-.5y) = IVNHFULBM ?°4(G, 55 4.-.5y )- 


Theorem 14 (Monotonicity). 


Suppose (d;,d,....d,) and (b,,b5,...,b,) are any two sets of IVNHFULEs. If Sai.) SS 


L L U U L L U U 
met “a a <e o <r CS Ly es me: SSS: ~! >WH ea 
Sra) SSG)", STH > ra” re 0x > OF ; Og > OF and Na =e. Na =e 


i=1,2,...,n,then 


IVNHFULBM °°", @5,...,4,) < IVNHFULBM ”:(b,,B5,...Dy) 
Proof. 


(1) Since sgq) < then 6(a;)< 0(b;) , according to theorem 11 , we have 


Sab)? 


n n pt+q 


x > = 5 Oa)? «O(G;,)" < s > O(b;)? x O(b,)4 |, 


i=l j ya i=1 j=l, j#i Te 1) 
(2) Similar to (1),we have 


ee 1 
n n sed hes hpi: 
7(a,)? x r(a;)4 < 7(b,)? x r(b,)4 
> j irs n(n— 1) : Ea n(n -1) J 


’ 


‘ L L . 
(3) Since ie ST for all 1 and p,q=0, then (73,7)? sq")? 
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1 


0(b;)? 


for all 


Cena Md Cera a Aaa 
1 


HT [[b-c.0%! aie TTT (1-59, oa 


i=. j=l,jai i=l j=l j#i 
and 
ane phi 
n n n(n-1) r nm n(n-1) 
L L L L 
1-[] [ [bees Pry, "| <1- (1c, Gs } 
i=l j=l, j#i i=l j=l, j#i 
So 
1 ane 
= r p+q oe = ; p+q 
L n(n- L L AUIS 
-T] TIt- 5,°)? Ca, )"] £)1— (1G, Gs )"} 
i=l j=l, j4i i=l j=Lj#i 


Similar to (3), we have 


1 
n n 1 p+q 7 . i ae 
n(n-1) ET 
TT [Theory | eT TTT (60° 4) 
. ; faa he i j 


i=l j=l ji 
(4) since 55, 2 5p" forall i and p,q=0, then deez)” =d=0,)" ; 
Oe i Gaide ts de Oe), I a(laog h(i oe hada aoe hao)" 


1 


1 —S a 
b-a-05,")P-o3 41 pom >(1-a-4; "0-4, 497)" 


And 
noon al, 4 
[I [[b-0-25!9 aa," 09 TT TT (1-0-3, 520-4, 2 re 
i=l j=l, ji i=l j=Ljzi 
Then 
1 
h TI [lt- =(1= Ox PPG Ox eyes 
i=l j=l, j4i ; 
n n or: es 
PLT (-eadre-5,b9"]" 
i=l j=l,jxi 
So 
eu 
- Il [It- -(1- 63")? a- Oa, La) a" 
i=l j=l, j4i : 
n n 1 p+q 
>1-/1-| | [] (1-4-5, 4)"a-3, "2 
i=l j=l jxi : 
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Similarly, 
1 


1-]1- TT 1-(1-5y")PA-dz %)4 aed i 
I] []t-¢-4 | 


i=l j=l, jxi 
= 
n n 1 p+q 
-Uypy_ s Uyg n(n-1) 
>1-/1-J] [J (1-0-4;")"4-5,"} 
i=1 j=l, j#i 
(5) Similar to (4), we can know 
non 1 )p+q 
Dy Es (nt) 
1-]1-[] [[O-a-as, 2% @—ng *)4)n@ 
i=l j=l, j4i 
non _1_ \p+q 
~Ly\yP ay. LY) n(n-1) 
21-/1-T] [] (1-0-9)? a9 5") 
i=1 j=l, j+i 
1 
non 1 )p+q 
U U Paw 
1-}1-T] [[O-a-n5.")?a—m5,%)2)p@-9 
i=l j=l, jAi 
1 
+q 


1 
n n eee 
>1- 1-[] I] (1-52 Pa-n5 2) 


i=l j=l, j#i 


So, we can get IVNHFULBM 9 (Gi,,d>,...,d,) < IVNHFULBM "°"(b,,b>,....bp) 5 
which completes the proof of the theorem 14. 
Theorem 15 (Boundedness). 
Let a; (i =1,2,...,n) be a set of IVNHFULEs. If s,_ = min {Soa} ,S,= min{s,g)}5 
1si<n : 1si<n : 
L- : L Box {U ~ 
Sg, =Max{Seqy},S,4 =max{s,g)},r° =min{rz ’|[ry sr let(a;)}, 
1si<n 1si<n 1si<n 


U- i U L U ~ L if L U ~ 
r = min {rg |[rg rg Je t(a;)}.r + max {rg |[rg. rg, |e t(a;)} 
1<si<n : : : 1si<n i : : 


U U Lou ~ L- ; L Enc a. age 
r * = max{ry l[rg srg let(a;)}, O° =min{dz~ |[63,63~ ]ei(a;)}, 
1si<n : i 1si<n : : : 


50" = min {5x " |[62",52"]e i(a;)} ,6'* = max {62 |[dz",6z" ]e i(a;)} 
<i<n p Li i <i<n i i i 


5°* = max{d5," |[55,".05," 1<i(@i)}, 9 = ming,” |[ng,"+14," le f GD}, 


a0 = min {g," [Ena +a, le f Gi} 9 ** = max {g," Iba," +74," le fi} 


1si<n 


n* =max{ig,” I[7a," sma, le f(@;)}, for alli = 1,2,..., n» 
ssn 


a =<[spnsclr x ble so Vin gD) = and 


a@* =<[S9,,8,4),(ir2*,r2*1,[0" 6° Lg 7-1) > then 
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a> <IVNHFULBM ?4(G,,d,...,4,) <a> 


Proof. 


Based on above terms, we can get 
MeaPt< A(a;)? 0(a;)" <9,P"4 


1 1 1 


noon 1 pra (a 2 ptq (nm a 1 p+ 
—— 9 P*4 % O(a.)”.0(a.)4 - g.P+4 
bee n(n-1) — ) s ae ae a) (@i) @; ) la bee n(n—1) * 


1 
«(8 3 OG,)?.O4, oe Teg), 


i=1 j=l, j#i a 1) 


Similarly, we can know 


1 


rs(§ —— ; Hae |" <r, 


i=1 j=l, j4i n(n—1) 


Oe latte aro 


1 1 1 
CoG abst ie ele ee 


ee ee? Sitti, oh Me sie ot =o 
I] [[q-@7 7°? <[] [[¢-G YG)" <|] ery 


i=l j=l, jzi i=l j=l, jzi i=l j=l,jzi 
ale rie 
non 1) p+q non 1 \p+q 
L -1 L L -1 
Siac oro] | sit= PL [ee te 
i=l j=l, jzi i=l j=l j#i 
non 1 \p+q 
-|] [ [a-@? 479 
i=l j=l, jzi 
1 
n n 1 \p+q 
rlit< 1-|] [][q-@0?.G, 9°? <pl- 
i=l j=l, ji 
Likewise, we also get 
noi 1 \ p+q 
U = : 
pit < 1-|] [ [o-¢a0?-G, yaynad <r? 
i=l j=l, jai 
@)as6")P4 <d=6,") 0-6, ")*<d-5")P4 
n n n n n n 
L- L L L 
I] [[b-a-« yx T] [ [b-a-6; yd dy, ")< (-a-6 *ypea) 
i=l j=l, ji i=l j=l, jai i=l j=l,jzi 
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1 1 


n n 1 p+q n n 1 p+q 
i 1-|] [[b-a-s 4 Jacn-1) aq= 1-|] ] [h-a-45,4? 0-655)" Ja(n—1) 
i=l j=l, jzi i=l j=l j#i 
1 
n n 1 ptq 
c1feTT [f-0-oeFe| 
i=l j=l, ji 


1 
n 


ot fu] [h-0-9,570-5,5"}°9 | <6 


i=l j=l, j#i 


Similarly, 


a 
ee fut] [f-a-s20%0-3, 29 er J soe 


i=l j=l, j#i 


(4)Similar to the proof of the (3), the results can be got. 


1 


n n : 7 1 p+q 
L L- 
ee 1-] | | [(-a-n5 ele Gey a yn <7 


i=l j=l, j#i 


1 


n n 1 p+q 
U U = 
marlr-P] [ [¢-a-1 Aa ad Sy 
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So, we can know a <IVNHFULBM "4 (d,,dp,...,4,) <a° 


which completes the proof of theorem 15. 

In the following, we will discuss some special cases of the 'VYNHFULBM operator with respect to 
the different parameters pand q. 
(1) If q=0, then 
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(2) If p=1 and q=0,then 
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(4) If p=1 and q=1,then 
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3.2 The interval-valued neutrosophic hesitant fuzzy uncertain linguistic weighted 
Bonferroni mean operator 


Definition 15. Let 4; =< [Soa 5-4], (€ G,),1 (G;), f (@)) > (i=1,2,...,.n) be the set of all 


IVNHFULEs, and p,q = 0 , then an interval-valued neutrosophic hesitant fuzzy uncertain 


linguistic weighted Bonferroni mean operator can be expressed as follows: 
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IVNHFULWBM ?"" (4), d),...,4,) =| ® ® ——_a,? @a,4 (40) 
i=1 j=1,jzi1— W; 


Theorem 16. Let a; =< [soca Seca) h(t (G;), i (G; ), f (a;)) > (i=1,2,...,n) be the set of all IYNHFULEs, 
and p,q = O , then, the result aggregated from Definition 15 is still an IVNHFULE, and even 
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The proof of Theorem 16 can be easily completed similar to Theorem 11. 
The IVNHFULWBM operator satisfies the following properties: 
Theorem 17 (Reducibility). 


1 1 1 ee 
Let W =(—,~—...., EE be the weight vector of a,(i=1,2,...,n), then 
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Proof. 
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11 1 S 
Since W ay (aa a is the weight vector of a;(i=1,2,...,n) then according to definition 
n 


non 
15,we have 
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= IVNHFULBM ”°9(4,,d5,....4;,) 


which completes the proof of theorem 17. 


Theorem 18 (Idempotency). 


Let as S218 ai sSaey ry oh, Moe wen Ling sae Io o= a-G Sb een) then 


IVNHFULWBM ?*4(4,, d>,..54,) =4 - 


The proof of Theorem 18 can be easily completed similar to Theorem 12. 


Theorem 19 (Commutativity). 
If (G,',d>',....d,') be any permutation of (d,,d),...,d,,) , then we can get 
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IVNHFULWBM ?*"(d', y',...,') = IVNHFULWBM ?"(d,,d5,...,dn) + 


The proof of Theorem 19 can be easily completed similar to Theorem 13. 


Theorem 20 (Monotonicity). 
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i=1,,....n,then IVNHFULWBM 9 (4i,,a),...,4,) < IVNHFULWBM °"(b,,b>,..-,D») 


The proof of Theorem 20 can be easily completed similar to Theorem 14. 
Theorem 21 (Boundedness). 
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a <IVNHFULWBM ?"(d,,d5,...,dn) <a> 


The proof of Theorem 21 can be easily completed similar to Theorem 15. 


In the following, we will discuss some specials of the IVYNHFULWBM operator with respect to 
the different parameters pand q. 


(1) If q=0, then 


. . n n 
IYNHIELLWBM Pf) ={ ® © G, 


1—w, i=l j= jai 


R2 
s 
Ny 
tel 
ll 
gar N 
T@s 
= 
2 
3 
Nae, 
s | 


= S 1,8 1 


[Ewer |” [Emiecaor J? 
i=l i=l 


’ 


25 


UF (a,) € € (@,),F (@,) € €(45),..., PG.) € (4) 
1 1 
b-Tle-@on")' [Teen | 
i=1 i=l 


U5(G,) € 1 (G,), 5(Gy) € i (G)..., 5(G,) € i (Gy) 


1 


1{1-T]h-o-a "Pf a-[1-T]t-0-0529"P" 


i=l i=l 


an 


Una) € f G),9 (42) € f Ga) (Gn) € f Gy) 


an 


> 1 
rt bea-nrrl Pal TIb-annsh 
i=l LJ 


(2) If p=1 and q=0,then 
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3.3 The interval-valued neutrosophic hesitant fuzzy uncertain linguistic 
geometric Bonferroni mean operator 

Definition 16. Let a; =<[S9a.)»S2¢a](€ G;),7 (G;), FG) > (i=1,2,....n) be the set of all 
IVNHFULEs, and p,q = 0 , then an interval-valued neutrosophic hesitant fuzzy uncertain 
linguistic geometric Bonferroni mean operator can be defined as follows: 
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Theorem 22. Let a; =< [soca Seca) h(t (G;), i (G; ) f(a;)) > (i=1,2,...,n) be the set of all IVNHFULEs, 


27 


and p,q = 0 , then, the result aggregated from Definition 16 is still an IVNHFULE, and even 
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The proof of Theorem 22 can be easily completed similar to Theorem 11. 
The IVNHFULGBM operator satisfies the following properties: 
Theorem 23 (Idempotency). 
Ler Gy =2 [Sean Seay dt ate ley see Ling an DS] e a1 2 i npahen 


IVNHFULGBM ?"(d,,d5,...,dn) = - 


The proof of Theorem 23 can be easily completed similar to Theorem 12. 


Theorem 24 (Commutativity). 
If (G,',d,',....d,') be any permutation of (d,,d),...,d,,) , then we can get 


IVNHFULGBM ?°"(d,',d5',...;4,') = IVNHFULGBM ?"9(G,,d5,..54n) « 


The proof of Theorem 24 can be easily completed similar to Theorem 13. 


Theorem 25 (Monotonicity). 
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The proof of Theorem 25 can be easily completed similar to Theorem 14. 
Theorem 26 (Boundedness). 


Let a; (i =1,2,...,n) be a set of IVNHFULEs. If s,_ = min {Soa,)} ,S,= min{s,g.}, 
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The proof of Theorem 26 can be easily completed similar to Theorem 15. 


In the following, we will discuss some specials of the [VYNHFULGBM operator with respect to the 
different parameters pandq. 


(1) If q=0, then 


1 
Bed. hi SO haces 
IVNHFULGBM ””° (Gy, 5,...,4,) = — ®(pa;)" 
p i=l 
1 1 
n = ae n a 
HVS, 195, 2b UYU fi-j1- (-a-r; Pp -|1- (oe Pp : 
Maca" Te¢ai)" et(G,) I] z . 
I=] I=! ») 
J 


1 
__U. |i-Tt-w.5?) 
5 (4, )ei (4) 
5 (a;)ei (a;) 


n : 1 D n ‘, 1 D 
Ula] [beast fa] [h-cne 9? 

7 (a; Je £(4;) i=1 

n(a;)ef (aj) 


(2) If p=1andq=0, then 
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3.4 The interval-valued neutrosophic hesitant fuzzy uncertain linguistic weighted 
geometric Bonferroni mean operator 


Definition 16. Let 4; =< [Soa 5-4], (€ (G;),1 (G;), f (@;)) > (i=1,2,...,n) be the set of all 


IVNHFULEs, and p,q = 0 , then the interval-valued neutrosophic hesitant fuzzy uncertain 
linguistic weighted geometric Bonferroni mean operator can be defined as follows: 
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Theorem 27. Let a; =<[sgq),8,a,)](t (4; ),i (G;), f(a;)) > (i=1,2,...,n) be the set of all IVNHFULEs, 
and p,q = 0 , then, the result aggregated from Definition 16 is still an IVNHFULE, and even 
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n(a,)ef (a;) 


The IVNHFULWGBM operator satisfies the following properties: 
Theorem 28 (Reducibility). 
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1 1 1 wg 
Let W = (—,-...., aye be the weight vector of a;(i =1,2,...,n) , then 
non n 


IVNHFULWGBM ?"(d,, 5,..-,,) = IVNHFULGBM ”"(d,, @>,.--5 4p) 


The proof of Theorem 28 can be easily completed similar to Theorem 17. 


Theorem 29 (Idempotency). 
Let 4; =< [Sg¢qySc¢ayh (ra sta bU6a 25a La oa Y= 4 (J=12,7) , 
then 
IVNHFULWGBM ?""(d,,d5,...,dn) = 4 - 


The proof of Theorem 29 can be easily completed similar to Theorem 12. 
Theorem 30 (Commutativity). 


If (G,',q,',....d,') be any permutation of (d,,d),...,d,,), then we can get 
IVNHFULWGBM ?"(d', d)',...,n') = [VNHFULWGBM ?"(d,,d5,...,dn)« 


The proof of Theorem 30 can be easily completed similar to Theorem 13. 


Theorem 31 (Monotonicity). 


Suppose (G;,>,...,d,) and (b,,b5,...b,) are two sets of IVNHFULEs. If Soa) © Seip » 


L U L L U U L L U U 
renee <a ~ ~ <ypn~ ~ <p fe > p~ i > p~ rs, >nH~ S >nH~ 
Sra) SS h) MG, ST OTs, ST bg 2 OF j Og. Oe and af = Ne > Na, 2M; for all 


i=1,2,...,n ,then 
IVNHFULWGBM ? 4 (i, d5,...,d,) < IVNHFULWGBM ""1(b,, b»,..-, Dy) 


The proof of Theorem 31 can be easily completed similar to Theorem 14. 
Theorem 32 (Boundedness). 


Let qd, (i =1,2,...,n) be a collection of IVNHFULEs. If s,y_ = min {Soa} ,S, = min{s,g.)}, 
y 1<i<n 


1si<n 


i . L Lu ~ 
So. = Max{Sgq},S,, =max{s,g)},r° =min{rg |[rg 4g Je t(a;)}, 
1si<n : 1<i<n ' ' ‘ 


1si<n 
U- . U L U iSrd L L L U Ipsd 
r°~ =min {rg |[rg srg, le t(a,)}.r°* = max {rq |[rg" rg, le t(a;)} 
1<i<n : : ; 1si<n : i ¢ 
U U L U oped L- + L L U iad 
r-* =max{rz~ |[rg rz” let(a))}, O°” =min{dz“ |[dz°, 53° ]ei(a;)}, 
1si<n : : " 1si<n : : ' 


5°~ = min (55," [[59,".09," 1¢ i(@))} .5** = max {55," |[69,".54," 1 i(4))} 
<isn : : : <i<n ‘ : : 


5Y* = maxtdz," |[05,".05,7 1ei@,)}, 9!” = minkryg," | 79," 74," Le f Gi) 


1si<n 

n° = min {79 |Ina," sma, le f(a))} «9 * = max {9," [[na," 50a," le F(a} 
1<i<n 1sis<n 

yt =max{7g," [7a sma, le f(@;)}, for alli = 1,2,..., n» 
sisn 


a” =<[s9_.8,_] (ir yr’ 1,16", 6"* In." ]) > and 
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a* =<[s9,.8,,])(r ro 11d" .6° Lin” .9° > then 


a <IVNHFULWGBM ?"(d,,d5,...,dn) <a" - 


The proof of Theorem 32 can be easily completed similar to Theorem 15. 


In the following, we will discuss some specials of the [VYNHFULWGBM operator with respect to 
the different parameters p and q. 


(1) If q =0, then 


Se, dehy toy 
IVNHFULWGBM ”° (Gy, 49 ,..54y) = om 


Sn hier? Sn ec 19) 
aa; )" Iz(a;)" r(a;) 
i=l i=l F(a, 


: 1 

= Ww; Pp ud i. D 
Saetap | ey?) [-[ Tle") ; 
6 (a; )ei (a;) 


athe] Ll -emtnrl J (FT t-on2'lY 
Ea ef 


(2) If p=1andq=0, then 


n 
IVNHFULWGBM (4, dy,..., dy) = ® a," 


i=1 
= LW - om 
=(]S aout aoe bp U (st) ple)" | 
T1e¢a;)" T7(ai)™ FG; et (4) a q; I] qj 
r(a,)et (a;) 
A Ww; us Ww; : LW . U Wi 
oth JT] h-o5")" af] b-652)" fence Ee ae (- % ) 1- (- z 
5 (4 )ei(4;) il ri } (Ge £4) iat as 


5 (a; )ei (@;) (4 Jef (4;) 


(3) If = dq= = th 
—=—an — en 
x 2 i oS 


ae S wiwj »S wwj > 


Lagat | epee Tveres 1-w; Dl Sal Le us low 1-w; 
Il A (Gaao-joa)| MW (Fe@-dre@] 


i=l j 
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n n 1 1 = n n 1 hy a 
L L U U 
oe eee ina Jota J 3 as Cat a dO et 
FG eta) i=l j=l, jzi i=l j=l,jzi 
WiWj wiWj 
n n é Lys 1-w; n n ‘3 U.S 1-w, 
e ) 1- 1-(6z Og, ) l- 1-(6z Oa, ) : 
5(G;)ei (4) oe ae ’ Sige erates : 
5(G,)el (@,) i=l j=l, j#i i=l j=1,j#i 
WiWj Wiwj 
1 hy, 1 \41-w, 
U -T] I] 1 Ga tg, 0? “LTT 1 (ng.° n@")? . 
71(4))e £4) i=l j=l, j#i : i=l j=l, j4i 
7(a;)ef (aj) 
(4) If p=1andq =1, then 
wiWj 
ee ee ei) * SI ep a oie pe 
IVNHFULWGBM "'(4,,a),...,d,)=—® ® (a,@a,)*™ 
1249 n NMR AE et azine 
2 i=1 j=l, j#i 
Fi Sin n ) 3) wiwj 2S n n o A oN WE? 
=H TT (0(4;)+0@;)yem, = <I TL (e(G,)+e(G,) er 
2 il jal, jai 2 j=l jal, ji 
1 
“a n wig 2 n n ww; 
_ U fi-j1-]] [[h-a-n,a-1, ye 1-j1-] | [ [he aar.Y a=n5 Yes 
FG peta) i=l j=l, jzi i=l j=l, ji 
n n wiw; \2 n n wiw, \o 
ads ide (6; "Se" jew | st 1 (6, %5, 2 )ew , 
6(G;)ei (@,) aie agra 
5(a,)ei (G)) i=1 j=1,j#i i=l j=1,j#i 
IT =) [TTT] | 
) i= (.- ele ye | alae (.- a Ma, jw 
7(a;)e f(a) i=l j=l, jxi i=l j=l, jxi 
n(a,)ef (a;) 


4. Two multiple attribute decision making methods based on 


IVNHFULWBM operator and IVNHFULWGBM operator 


In a multiple attribute decision making problem with interval-valued neutrosophic hesitant 
uncertain linguistic information, let A= TAC AS eA} be a discrete set of alternatives, 
C= ORR Gime Ge be a set of attributes. The evaluation values can be represented by the form of 


interval-valued neutrosophic hesitant uncertain linguistic 


elements ny = (scayrsSecmy | Cry ),i(n; ), f(n,)) ; t (nj) = Fg) Ir(nj)e ?(n,)} ; 
i (nj) = 6(n,) | 6 (nj) € T(n,)}, f (n;) = a(n) |7(nj) € F(ny)}. Therefore, we can get the decision 
matrix N = (nj )mxn- The weighting vector of attributes is given by W = (W,,W5..)W,). with w, 20, 
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Sw j =1. Then, the steps of the decision making method are described as follows: 
jzl 


Step1: Utilized the IVNHFULWBM operator and IVNHFULWGBM operator to derive the 
overall assessment values N,(i =1,2,...,n) of the alternatives A, (i =1,2,...,n). 
Step2: Calculate the score values of the overall assessment values N, (i =1,2,...,m) by the Eq.(33). 


Step3: Rank all the alternatives {A,, Apa Ant by score values S(N;), and select the best 


alternative. 


Step4: End. 


5. A numerical example 


In this section, we give a numerical example to demonstrate the MADM methods based on 
IVNHFULWBM and IVNHFULWGBM operators. 

Suppose that there is a company, which wants to invest a sum of money to an industry. There are 
four companies as alternatives to be chosen, including: (1) A, is a car company; (2) A, is a food 
company; (3) A, is a computer company; (4) A, is an arms company. There are three evaluation 
attributes, including: (1) C, is the risk; (2) C, is the growth; (3) C3 is the environment. We can 
know the attributes C, and C, are benefit criteria, and the type of C3 is cost criteria. The weight 
vector of the attribute is w={0.25,0.35,0.4} .The final evaluation values are expressed by the 
IVNHFULEs, and shown in Table 1. 


Table 1 Interval-valued neutrosophic hesitant fuzzy uncertain linguistic decision matrix 


eal C2 C3 

Al — <[S4,Ss],({0.3,0.4],[0.4,0.4]),(_ <[S3,Ss],((0.4,0.5],[0.5,0.6]),([0  <[S4,Ss],({0.2,0.3]),([0.1,0.2] 
[0.1,0.2]),([0.3,0.4])> .2,0.3],[0.3,0.3]),([0.3,0.4])> ,[0.4,0.5]),([0.5,0.6])> 

A2 — <[S3,Ss],({0.6,0.7]),([0.1,0.2]  <[S»,S4],((0.6,0.7]),([0.1,0.1]),([ <[S3,Ss],([0.6,0.7]),([0.1,0.2] 
),([0.1,0.2],[0.2,0.3])> 0.2,0.3])> ),([0.1,0.2])> 

A3 — <[S»,S3],({0.3,0.4],[0.5,0.6]),  <[S»,S4],((0.5,0.6]),([0.2,0.3]),([ <[S3,Ss],((0.5,0.6]),([0.1,0.2] 
([0.2,0.4]),([0.2,0.3])> 0.3,0.4])> ,[0.2,0.3]),([0.2,0.3])> 

A4 — <[S,,S3],({0.7,0.8]),([0.2,0.3]  <[S»,Ss],([0.6,0.7]),([0.3,0.3]),  <[S,Ss],({0.3,0.5],[0.2,0.3]), 
),([0.1,0.2])> ([0.2,0.2])> ([0.1,0.2]),([0.3,0.3])> 


5.1 Procedure of decision making method based on the [VNHFULWBM operator 


Step1: Utilized the IVNHFULWBM operator to derive the overall assessment values 
N,(i=1,2,...,n) of the alternatives A; (i =1,2,...,n) . We can get 

N,=<[S> 90,54.61],([0.2853,0.3869],[0.3088,0.4118],[0.3175,0.3869],[0.3429,0.4118]),([0.1255 
,0.2268],[0.2393,0.3431],[0.1482,0.2268],[0.2689,0.3431]),([0.3768,0.4783])> 

No=<[S2.71,54,721,([0.6000,0.7000]),([0.1000,0.1714]),((0.1255,0.2268],[0.1623,0.2629])> 

N3=<[S2 34,53.97],([0.4258,0.5274],[0.5000,0.6000]),([0.1623,0.2988],[0.2000,0.3352]),([0.22 


68,0.3273])> 
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Na=<([S1.61,54.24],([0.5107,0.6569],[0.4644,0.5743]),([0.1882,0.2692]),([0.2021,0.2373])> 

Step2: Calculate the score values of the overall assessment values N;(i =1,2,...,.m), which are 
shown as follows (for convenience, we can use the subscript): 

S(N)=2.1135, S(N2)=2.8716, S(N3)=2.0908, S(N,)= 2.0554 

Step3: Rank all the alternatives {A Asics Ant by score values S(N;), and select the best 
alternative. 


So, A) > A, > A, > Ay, and the best alternative is A). 


Step4: End. 
5.2 Procedure of decision making method based on the IVNHFULWGBM 
operator 


Step1: Utilized the IVNHFULWGBM operator to derive the overall evaluation values 
N,(i=1,2,...,n) of the alternatives A; (i =1,2,...,n) . We can get 

Ni=<[S2 95,54.62],([0.2900,0.3911],[0.3164,0.4189],[0.3276,0.3911],[0.3557,0.4189]),([0.1246 
,0.2260],[0.2174,0.3249],[0.1452,0.2260],[0.2496,0.3249]),([0.3678,0.4697])> 

No2=<[S2.71,54.72],([0.6000,0.7000]),([0.1000,0.1704]),([0.1246,0.2260],[0.1583,0.2601])> 

N3=<[S2 36,54.01],([0.4330,0.5343],[0.5000,0.6000]),([0.1583,0.2904],[0.2000,0.3333]),([0.22 
60,0.3266])> 

Na=<([S1.64,$4.28],([0.5411,0.6751],[0.5128,0.6223]),([0.1822,0.2601]),([0.1914,0.2346])> 

Step2: Calculate the score values of the overall assessment values N, (i =1,2,...,m), which are 
shown as follows (for convenience, we can use the subscript): 

S(N)=2.1648, S(N2)=2.8975, S(N3)=2.1183, S(N4)=2.1222 

Step3: Rank all the alternatives ae eee ey by score values S(N;),and select the best 
alternative. 


So, A, > A, > A, > Ag, and the best alternative is A, . 


Step4: End. 

In this section, we propose two methods based on IVNHFULWBM operator and 
IVNHFULWGBM operator to solve the multiple attribute decision making problems in interval-valued 
neutrosophic hesitant fuzzy uncertain linguistic environment. Finally, we get the same best alternative. 
At the same time, we can find that the main advantages of the developed methods in this paper are that 
not only accommodating the interval-valued hesitant uncertain linguistic environment but also 


considering the interrelationship of the input arguments. 
5.3 Analysis of the influence of the parameters p and q 


In order to demonstrate the influence of the parameters pand q on decision making results, we 
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use the different values pand qin IVNHFULWBM operator and [VYNHFULWGBM operator to rank 


the alternatives. The ranking results are shown in Table 2 and Table 3. 


Table 2 Ordering of the alternatives by utilizing the different p,q in IVWNHFULWBM operator 


Pq Score function S(N;) Ranking 

1 S(N,)=2.0983,S(N2)=2.8630, Ay > A, > Ag > Ay 
RS S(N3)=2.0805,S(N,)=2.0286 

p=q=1 S(N,)=2.1135, S(N>)=2.8716, Ay > A, > Ag > Ay 
S(N3)=2.0908, S(N4)=2.0554 

p=1,q=0 S(N,)=2.1706, S(N2)=2.9115, Ay > A, > Ay > Ag 
S(N3)=2.1564, S(N,)=2.1570 

p=0,q=1 S(N,)=2.2300, S(N2)=2.8692, A, eA SA SA 
S(N3)=2.1141, S(N4)=2.1670 

p=1,q=2 S(N,)=2.1601, S(N2)=2.8801, Ay > A, > Ay > Ag 
S(N3)=2.1084, S(N,)=2.1095 

p=2,q=1 S(N,)=2.1435, S(N2)=2.8922, Ay > A, > Ag > Ay 
S(N3)=2.1239, S(N,)=2.1081 

p=2,q=2 S(N)=2.1473, S(N2)=2.8886, Ay > A, > Ay > Ag 
S(N3)=2.1115, S(N4)=2.1149 

P=53,9=5 — S(N,)=2.2531, S(N2)=2.9360, Ay > Ay > A, > Ag 
S(N3)=2.1694, S(N4)=2.2846 

p=10,q=0 — S(N,)=2.6175, S(N)=3.0393, Ay > A, > Ay > Ay 
S(N3)=2.4994, S(N4)=2.5667 

p=0,q=10  S(N,)=2.6442, S(N2)=3.0184, Ay > A, > Ay > Ay 
S(N3)=2.4619, S(N4)=2.5649 

p=15,q=15 — S(N,)=2.4632, S(N2)=3.0276, AeA, HA SA, 
S(N3)=2.2789, S(N4)=2.5187 


Table 3 Ordering of the alternatives by utilizing the different p,q in IVWNHFULWGBM operator 


P.q Score function S(N;) Ranking 

1 S(N,)=2.1727,S(N2)=2.9003, A, > A, > A, > Ag 
one S(N3)=2.1208,S(N,)=2.1310 

p=q=1 S(N,)=2.1648, S(N2)=2.8975, Ay > A, > Ay > Ay 
S(N3)=2.1183, S(N4)=2.1222 

p=1q=0 S(N,)=2.0379, S(N2)=2.8962, Ay > Ag > A, > Ay 
S(N3)=2.0850, S(N4)=1.1963 

p=0,q=1 S(N,)=2.0995, S(N2)=2.8501, Ay > A; > Ay > Ay 
S(N3)=2.0462, S(N4)=1.9921 

p=1q=2 S(N,)=2.1492, S(N2)=2.8819, A, > A, > Ay > Ay 
S(N3)=2.1009, S(N4)=2.0921 

p=2,q=1 S(N,)=2.1283, S(N2)=2.8979, Ay > A, > Ay > Ay 
S(N3)=2.1139, S(N4)=2.0855 

p=2,q=2 S(N,)=2.1477, S(N2)=2.8915, Ay > A; > Ay > Ay 
S(N3)=2.1125, S(N4)=2.1028 
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P=5,9=5 — S(N,)=2.1072, S(N2)=2.8783, A, > A, > Ag > Ay 
S(N3)=2.0961, S(N4)=2.0574 

p=10,q=0 — S(N,)=1.8177, S(N2)=2.8326, Ay > Ay > Ay > A, 
S(N3)=1.9907, S(N4)=1.8845 

p=0,q=10 —S(N,)=1.8639, S(N2)=2.7869, A, >~A,>A,>A, 
S(N3)=1.9555, S(N4)=1.8948 

p=15,q=15  S(N,)=2.2248, S(N2)=3.4678, Ay > Ay > Ag > A, 
S(N3)=2.3038, S(N4)=2.4967 


As we can see from Table 2 and Table 3, the ranking of the alternatives may be different for the 
different values p,q in IVNHFULWBM operator and IVNHFULWGBM operator. But the best 
alternative is the same although the different values p,q. Thus, the organization can properly select 


the desirable alternative according to his interest and the actual needs. In general, we can get p=q=1 
or p=q= : 
p=q * 


6. Conclusions 

Interval-valued neutrosophic hesitant fuzzy uncertain linguistic set ((WNHFULS) can be as an 
important tool of describing the decision maker’s preference and handling the hesitant, uncertain, 
incomplete information, which plays a vital role in decision making. Bonferroni mean (BM) can 
replace the simple averaging of other mean type operators because of the excellent modeling capability. 
In real decision making, how to flexibly and rationally deal with input arguments is a vital problem. In 
order to have the advantages of both IVNHFULS and BM, we extend BM operator to interval-valued 
neutrosophic hesitant fuzzy uncertain linguistic environment. Hence, we finally give some 
interval-valued neutrosophic hesitant fuzzy uncertain linguistic BM aggregation operators, such as 
interval-valued neutrosophic hesitant fuzzy uncertain linguistic Bonferroni mean (IVNHFULBM) 
operator, interval-valued neutrosophic hesitant fuzzy uncertain linguistic weighted Bonferroni mean 
(IVNHFULWBM) operator, interval-valued neutrosophic hesitant fuzzy uncertain linguistic geometric 
Bonferroni mean (IVNHFULGBM) operator, interval-valued neutrosophic hesitant fuzzy uncertain 
linguistic weighted geometric Bonferroni mean (IVNHFULWGBM) operator. It is essential to verify 
the effectiveness of IVNHFULWBM operator and IVNHFULWGBM operator, so we apply the two 
operators to deal with a numerical example. To get the desirable alternative decision maker wanted, we 
change the values of p,q according to their interest and actual need. 

In the further research, we should dug deeper into the applications of the proposed methods and 


constantly improve the multiple attribute decision making method. 
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